Let AT be a positive integer. This paper is concerned with obtaining bounds for 2 w j 1/P (p prime), when N is an odd perfect number, a multiperfect number, or a quasiperfect number, under assumptions on the existence of such numbers (where none is known) and whether 3 and 5 are divisors. We argue that our new lower bounds in the case of odd perfect numbers are not likely to be significantly improved further. Triperfect numbers are investigated in some detail, and it is shown that an odd triperfect number must have at least nine distinct prime factors.
Introduction
Let o(N) denote as usual the sum of the positive divisors of an integer N. We say N is perfect when a(N) = 2N. No odd perfect numbers have been found, but many necessary conditions for their existence have been established. For example, bounds have been obtained for
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where the sum is over the distinct prime divisors p ofN, under the assumption that N is an odd perfect number. Improved bounds can be given under further assumptions on specific prime divisors of N, and it has become usual to consider the four cases dependent on whether 3 and 5 are divisors.
In Cohen (1978) , we considered upper bounds for 2. Prior to the appearance of that paper, the best known bounds were described by Suryanarayana and Hagis (1970) , and we repeat their table here (Table 1) , giving the results to six decimal places. 369
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700021376
[2]
In this paper, we shall obtain improved lower bounds for 2. Incorporating the results in Cohen (1978) , the present best bounds (to six decimal places) are given in the first two columns of Table 2 , the row order being the same as in Table 1 . A number N such that v(N) = 2N+1 is called quasiperfect. No such numbers are known, but necessary properties of them are described in detail by Abbott et al. (1973) . They showed that we must have N> 10 20 and that N must have at least five distinct prime divisors. Kishore (1978) has since shown that N must have at least six distinct prime divisors. We shall give bounds for 2 when N is a quasiperfect number. The lower bounds are the same as for odd perfect numbers; the upper bounds to six decimal places are given in Table 2 , column headed QP. When o(N) = kN, for some integer k ^ 2, N is more generally called multiperfect. No odd multiperfect numbers are known. We shall give bounds for 2 under the assumption that N is a multiperfect number (even or odd), and in particular will improve a result of Krawczyk (1972) that 2 > (log k)/2. In fact, our Theorem 3 will imply that 2 > (logfc)/(2 log 2), and this is clearly the best possible result of its kind, given today's knowledge of even perfect numbers. The case k = 3 will be investigated in more detail: interesting restrictions on the divisors of N when N is even will be given (Theorem 4), and better bounds for S when iVis odd will be obtained. The latter are given to six decimal places in Table 3 , the row order being the same as in Table 1 . We will show finally that if <J(N) = 3iV and JV is odd, then # has at least nine distinct prime factors. (3,7,11,29,331; 337) .
We remark that the lower bounds given in Suryanarayana and Hagis (1970) for 2 when Nis an odd perfect number are, respectively in the four cases, $2(5,..., 19; 23) 5 2 (7,...,59; 61),S 2 (3,5,17; 257) and S 2 (3,7,11; 13). It will also be shown following the proof of this theorem that, until new (non-obvious) restrictions are found for certain prime divisors of N or upper bounds are found for certain exponents a t in the prime factor decomposition of N, the lower bounds of Theorem 1 cannot be further improved except at best beyond the sixth decimal place.
For completeness, we state here the best known upper bounds for 2 when N is an odd perfect number, and give references for their proofs. These are, in the order of Theorem 1: V5 1 31*61) (Cohen (1978) ), A 2 (l) (= Iog2) (Suryanarayana (1963) , Cohen (1978) ), A 2 (3 2 13 2 61 4 5) (Cohen (1978) ), and A^(3M3*17) (Suryanarayana and Hagis (1970) ).
Upper bounds for S when N is quasiperfect are given by
In Abbott et al. (1973) it is shown that no quasiperfect number is divisible by 3-5 -piorp = l, 11 or 13, or by 3-5-17/? for/? = 19, 23, 29 [5]
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(ii) if N is even, 1 logfc/2 1 log2A:/3 2 3 log 3/2 2 3 log 4/3"
We shall concentrate on the case k = 3 (such numbers then being called triperfect), since then some use can be made of results concerning odd perfect numbers. The next theorem and its corollary give some interesting divisor properties of even triperfect numbers, which (apart from (i) of the Theorem, which is obvious) do not appear to have been noticed previously. The following improvement of Theorem 3 for odd triperfect numbers will be proved. (ii) if Pl >l, 5 3 (7,..., 523; 541) < S < AaQ) = log 3; The following two lemmas are basic in deriving lower bounds for 2. The first is a simple generalization of Lemma 1 in Suryanarayana and Hagis (1970) 
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LEMMA 2. The function f, where is increasing on [2, oo). This is essentially Lemma 2 in Suryanarayana and Hagis (1970) , and is easily proved.
It follows that if r<q, then 
Our final lemma is used in proving Theorems 4 and 6. for any q^ 13, and where r is the greatest prime less than q. Computations show that the right-hand expression increases with q until q = 43 and is again less when q = 47. We observe that the numerator in the expression for 1^ (5, (iii) Our improvement over the lower bound in Suryanarayana and Hagis (1970) for this case is in the eighth decimal place only. The proof is similar to those of the other parts of this theorem, and is omitted.
(iv) Put 5 2 (3,7,11,29,331; 337) = A 4 . We are given that/?! = 3. Ifp^U, then, by (1), S>5 2 (3; 11)>^4 4 , so we need only consider the possibility p 2 = 7.
If /> 3 >17, then, by (1) (3,7,11,29,331; 337) 
This completes the proof of Theorem 1.
Since these proofs involve a complete enumeration of possibilities, it follows, in (i) for example, that the lower bound for £ cannot be increased beyond S 2 (5,..., 19,41,907; oo) , the limit of the increasing function S 2 (5,..., 19,41,907; x) as X-+OQ, unless it can be shown either that not all of 5,..., 19,41,907 can be divisors of N, or that the exponents on these primes in the prime factor decomposition of N can be restricted in a way to allow an improvement of Lemma 1. We observe that xlog(l -x" 1 )-*--1 as x->oo; so a calculation of S A -. 19,41,907; oo), and comparison with S 2 (5,..., 19,41,907; 911) , shows that, with the proviso above, our lower bound for 2 in (i) can be improved at best in the eighth decimal place.
With corresponding provisos, calculating S 2 (7, ...,59,307; oo) allows an improvement in the seventh decimal place at best for the lower bound in (ii), calculating S 2 (3,5,17,257,65537; oo) allows an improvement in the eighth decimal place at best for the lower bound in (iii), and calculating S 2 (3,7,11,29,331; oo) allows an improvement in the seventh decimal place at best for the lower bound in (iv).
PROOF OF THEOREM 2. The following results from Abbott et al. (1973) are required. If N is a quasiperfect number, then N is an odd perfect square, with at least five distinct prime factors, and such that the smallest exponents on 3 and 5, if factors of iV, are 4 and 6 respectively.
We prove (ii) first. Since N is an odd perfect square, we may apply Lemma 3, with z = 2 + l/N and M = 1. We obtain:
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and it is clear that we may use (2), with q = 3 and kj2 in place of k, to give ' 1 log^/2 ttPi 3 log 2/3'
The given lower bound for 2 then follows. This completes the proof of Theorem 3.
We will verify here the remark in the Introduction that Theorem 3 implies that 2>(log£)/(21og2). When N is odd, this is immediate, since 3 log 3/2 < 2 log 2. When N is even, we have, since k > 2,
(ii) We are given that 31N and 51N. We cannot have 2 2 1| N, for then o(2 2 ) = 71 iV and n(2 2 -3-5-7)>3, contradicting Lemma 5. Suppose 2 3 ||iV. If both 3||iV and 51| N, then W= 120M, with (120, M) = 1. We can only have M = 1 (whence JV = 120, a solution of o{A0 = 3N), since if there were a prime divisor /? of M, then n(2 3 -3-5-p) = n(2 3 -3-5)n(/0 = 3II(/0>3, and Lemma 5 is contradicted. \\N and 3\N, and suppose a=3 (mod4) .
Put a = 4n-l(n>l).
Then CT(2°) = 2 4 n -l = 1 6 " -1 , so I6 n -1\3N. (5,...,r; x) for any r^5 , and the result follows from Theorem l(i). PROOF OF THEOREM 6. We must show that t*s 9. Certainly, t > 8, for if f ^ 7, then S</?(3,..., 19)<0.96, contradicting Theorem 5. We now suppose t = 8, and will show that this also leads to a contradiction.
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